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Transformations de Legendre (L

FEDERALE DE LAUSANNE

e Motivation physique

e Transformée de Legendre d’une fonction
d’une variable

e Transformée de Legendre d’une fonction de
plusieurs variables

e Lien entre les transformations de Legendre
et leur courbure

e Transformée de Legendre multiple

Thermodynamique

Notes
Hello and welcome to this word of thermodynamics. This lesson is

devoted to Legendre transformations. First of all, we will physically
motivate these Legendre transformations which are mathematical. In a
second step, we will establish the Legendre transform of a function of
one variable. We will then in a third step extend this to a function of
several variables. And then, in a fourth step, we will establish an explicit
link between the Legendre transforms and their curves and finally, we
will define a multiple Legendre transform.

Summary

Potentiels thermodynamiques 20f9
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e Température :

e Pression :

¢ Energie interne (variables extensives) :
U(S.V,{Na})

e Fonctions d’état (variable(s) intensive(s)) :

ou A=1..r

F(T,V,{Na})
H(S,p, {NA})

e Température et pression : G (T,p,{Na})

e Transformations de Legendre :

Internal energy plays a major role in thermodynamics. Internal energy is
a state function of extensive variable. U is a function of the entropy S,
the volume V and the set of numbers of moles of the different
substances in the system. We would like to obtain state functions which
have the same physical dimension as the internal energy. These are
therefore other forms of energy that depend on one or more intensive
variables. For example, we would like a state function that depends on
temperature. Let's call this state function f. F will therefore be a function
of T, V and the set DN. We would also like a state function which
depends on the pressure calling this function. H h will then be a function
of s, p and the set of norms. We would also like a which depend on
temperature and pressure. Let us call this function G. G will thus be a
function endowed with P and the set of N1. The functions F, H, LG. Are
obtained by Legendre transformation of the internal energy. It is said to
be the Legendre transforms. The Legendre transformation of the internal
energy U with respect to the entropy gives the function f which depends

on the temperature.

¢ Entropie : U— F
e Volume : U— H
e Entropie et volume : U—G
Thermodynamique
Notes

Summary

30f9



https://mediaspace.epfl.ch/media/0_c0sxjdz8?st=46

Mntl“allon ECOLE POIYTECHNIQUE
FEDERALE DE LAUSANNE

¢ Energie interne (variables extensives) :
U(S,V,{N4}) ou A=l

e Fonctions d’état (variable(s) intensive(s)) :

o Température : F(T,V,{Na})
e Pression : H (S, p. {NA})

e Température et pression : G (7,p,{Na})

e Transformations de Legendre :

¢ Entropie : U— F
¢ Volume : U— H
¢ Entropie et volume : i O
Thermodynamique
Notes

The Legendre transformation of the internal energy U in relation to the
volumes gives the function H which depends on the pressure P. And the
transformation of Legendre of the internal energy U in relation to the
entropy and the volume gives the function G which depends on the
temperature T and the pressure P.

Summary

2m 23s
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Fonction d’état (variable extensive):
F(X)
Transformée de Legendre (variable intensive) :

G(Y) ou F—G

e Propriété :
dF (X)
X)=
ELE) dX
e Identité :
F-G
Y =
X-0
e Transformée de Legendre G (Y)de F(X):

G(Y)=F(X(Y)-YX(Y)

We will now deduce the expression of the Legendre transform of a
function. Then we take a state function f which depends on a single
variable x which is an extensive variable, and we want to obtain the
expression of the Legendre transform of F which is the function G and
which depends on an intensive variable which is I. I. And the quantity
conjugate to X with respect to f. It therefore has the following property i
of X and the derivative of f of x with respect to x. We will now represent
this on a diagram. So we have the function f of x. This is the curve we
see here. And we draw a tangent to this curve at a given point and this
dashed tangent will intercept the vertical axis at point G, the slope of
this tangent, this Greek i. Greek Y is defined as the ratio of the
difference in level, i.e. f minus g since g is negative. Divided by the
horizontal distance, i.e. x. Me zero. Using this identity, we can now
obtain an explicit expression of the Legendre transform G of Greek I of
the function f of x or x is a function of Greek i g from i greek seven, f
from x from y greek times x y greek.

Notes

Summary
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e Fonctions d’état F (X4,..X;,..,X,) e G(Xi1,.,Y.,X,)

G (X1, .Yy, Xn) = F (le..,Xi (X1, Yir s Xn) s oo X

F (X1, ., Xiy s X) = G (X1, Yi (X1, Ky, Xn) s X ) + X Vi (X1, Xy Xi)

e Dérivées partielles : A
oc_orox, . Mox.
aY; ~ 0X; oy; ' ;-
oF  0G 0Y; )
ox. = oY, c‘)X.,-_+Y"+ =Y

ay? oy

G _ _
vz~

0*F
X2

-

This result, we can now generalize it to a function of several variables.
We therefore take a state function f. Which is a function of n extensive
variables X1, x2, etc. until XN and we want to obtain the transform of
the function f with respect to the variable x y. The new variable is the
Greek i variable. It is an intensive variable. All other variables, all other
x's are unchanged. There is therefore at least one extensive variable in
the expression of G, which is an intensive quantity that is conjugate to x
y. By definition, it therefore has the following property. I Greek i is
equal to the partial derivative of f with respect to x y. We could also
represent this on a graph and we would have exactly the same situation
as for a function of one variable, except for the fact that we replace x by
x y and y Greek by y Greek, which gives us the following identity i i
equals f g divided by x zero. We can therefore state the expression of the
explicit transform Legendre g of f g is equal to f minus i i x y. We can
also link the curves of two functions which are related by a Legendre
transformation. These functions are the f-functions. And g. G. Is equal
to f minus i x y. And therefore f is equal to.

- Y;X! (Xl: "a}/'i:"an)

Notes

Thermodynamique

Summary
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o Fonctionsd'état F'(Xy, ... X .oX,) e G(X{,.¥, ... Xy)

G (X1, Yo, Xp) = F (Xl, o Xi (X1, o0 Yiy o X) s s X

)
Py . X, o X =G (Xl, WX B ) | X) i i

e Dérivées partielles :

G  OF 9X; ox;
W_BX, C)K_XE_Y,;&)E__XJ
oF 0G 9Y; oY

e Courbure (dérivées partielles secondes) :

- Y X, (Xa

o6 _ _ox, 0 O°F_0v, &G
Y2 oY X2~ 0X; aYZ

0*F
X2

-

I have more x y who. Given the dependence in terms of state variables
of these two functions, we can now determine the partial derivatives of
these functions. The partial derivative of g with respect to i i first is
equal to the partial derivative of f with respect to x y times the
derivative partial of x y with respect to i y minus here minus y i which
multiplies the partial derivative of x with respect to i required, and then
the partial derivative of f with respect to x. It is therefore the first term
and the third term simplifies and we are left with the second term which
is equal to minus x. Second, the partial derivative of f with respect to x
y. It is the partial derivative of g with respect to i which sees the partial
derivative of i with respect to x plus y i plus x y for the partial derivative
of i Greek i with respect to x. And the partial derivative of g with
respect to i Greek i, it is minus x which so the first term and the third
term simplifies. We are left with the second term which is Greek i. We
can now calculate the expression of the curvatures of these two
functions with respect to the variable on which we perform the
Legendre transformation.

1 '-~X-i1 --~X'n)

Notes

Thermodynamique

Summary

70f9
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cn“rn“re ECOLE POIYTECHNIQLUE

FEDERALE DE LAUSANNE

e Fonctions d’état F (Xq,..X,,..,X,,) e G(X1,.,Y;.,X,)

G(le“alzb "1X?’b) =F (‘Xl.‘-“5X1; (Xl.e"ayti.- "aXn) ) “?Xn) - Y;X, (Xl?'WK?'”‘X”)
AKXy o X = C (Xl, o L ey s B, X) X Y (K e Kb oo Ko

e Dérivées partielles :

0G  OF 0X; oX;
aY;  8X; 9Y; i_}’]a}i__Xi
oF 0G0y, oy,

oX, oY% 0xX; T T Nigx, T

e Courbure (dérivées partielles secondes) :

8°G _ 0X; PF 9y G (82F)_1

avz-"av, % xiTax, |z \ax

Thermodynamique

Notes
Curvature is the partial second derivative. Therefore the partial second

derivative of g with respect to i Greek i is equal to the partial derivative
of x with respect to i i. And then, in an analogous way, the second
partial derivatives of f with respect to x y is equal to the partial
derivative of i with respect to x. Therefore, we conclude that the partial
second derivative of g with respect to i Greek y is equal to minus the
inverse of the partial second derivative of f with respect to x. In other
words, if we perform a Legendre transformation, the curvature of the
Legendre transform has the opposite sign to the starting function and its
norm is equal to the inverse of the norm of the starting function.

Summary

7m 46s
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Transformation de Legendre multiple

I

ECOLE POLYTECHNIQLUE
FEDERALE DE LALSANNE

e Fonction d’état (n variables extensives) :
F (X1, X,y Xn)

e Transformation de Legendre multiple de F :

H:F_i:y;.xi

i=1

e Transformée de Legendre (n variables intensives) :

HiV, .. YY)

Thermodynamique

Finally. We will define a multiple Legendre transformation. We consider
a state function of n extensive variables. This function is the function f
which depends from x1 x2 to xn. And we perform a Legendre
transformation. In the end, we obtain the function H which is equal to f
months, the sum of y equal to n of y x and this function H. Which is the
multiple Legendre transform depending on n intensive variables. H is
therefore a function of Greek i, Greek i two etc. up to Greek y, n.

8m 37s

Notes

Summary
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